The phenomenon of vibrational resonance (VR) in the classical Morse oscillator influenced by narrow band and wide band, frequency modulated signals is numerically studied. Vibrational resonance was found to occur when the amplitudes f and g and frequencies ω and Ω of the signals were varied. The dynamics of the system is studied in the presence of both signals separately. Vibrational resonance and dynamics of the system were characterized using the response amplitude and bifurcation diagram.
INTRODUCTION
The phenomenon of vibrational resonance (VR) in which the response of the system to a weak periodic signal can be enhanced by the application of the high-frequency periodic perturbation of appropriate amplitude. The analysis of VR has received a considerable interest in recent years because of its importance in a wide variety of contexts in science and engineering. For example, Landa and Mc Clintock [1] have shown that the occurrence of resonant behaviour with respect to a low-frequency force caused by the high-frequency force in a bistable system and later Gitterman [2] proposed an analytical treatment for this resonance phenomenon. Experimental evidence of the vibrational resonance has been demonstrated in analog simulations of the overdamped duffing oscillator [3] , in an excitable electronic circuit with Chua's diode [4] and in a bistable optical cavity laser [5] . It has been thoroughly studied in a large class of dynamical systems such as a monostable system [6] , a multi-stable system [1, 2, 7] , time-delayed systems [8, 9] , spatially periodic system [10] , smallworld networks [11, 12] , noise-induced structure [13] , biological nonlinear maps [14, 15] and coupled oscillators [16] .
In the present paper, we considered the classical Morse oscillator driven by narrow-band and wide-band frequency modulated signals and analyzed the occurrence of vibrational resonance. The equation of motion of the classical Morse oscillator with narrow-band frequency modulated (NBFM) signal is given by 
and with wide-band frequency modulated (WBFM) signal is given by
where β is the dissociation energy, α is the range parameter, d is the velocity proportional damping amplitude, f is the unmodulated carrier amplitude, g is the modulation index, ω and Ω are the two frequencies of the external signals with Ω>>ω. Recently the NBFM and WBFM signals has been applied to certain nonlinear systems to investigate some nonlinear phenomena such as homoclinic bifurcation, stochastic and vibrational resonances [17] [18] [19] . The potential of the Morse oscillator is
The Morse potential is widely used to provide an approximate potential energy function for diatomic molecules and in polyatomic molecules to describe the potential energy surface along a bond stretching direction [20] . It is well known that the Morse oscillator is a standard model which is widely used in theoretical chemistry to describe the photodissociation of the molecules. It can also be considered as a rough model for (i) multiphoton excitation of a diatomic molecule in a dense medium or in a gaseous cell under high pressure (ii) pumping of a local model of a polyatomic molecule by an infrared laser and (iii) the explanation of the anomalous gains observed in stimulated Raman emissions [21] [22] [23] [24] [25] [26] . For the past few years much interest has been focused on the study of Morse oscillator with classical, semiclassical and quantum mechanical methods and fascinating results were obtained. For example Lie et al. [27] numerically studied the bistable and chaotic behaviours in a damped driven Morse oscillator. Goggin et al. [22] compared the results obtained from the classical and quantum theories of a Morse oscillator driven by a sinusoidal field or two-frequency excitation. Knob et al. [28] investigated the bifurcation structure of the classical Morse oscillator. Jing et al. [29] the bifurcations of periodic orbits and chaos in damped and driven Morse oscillator both analytically and numerically. Behnia et al. [30] investigated the control of chaos in damped and driven Morse oscillator via slave-master feedback. Gan et al. [31] investigated the torus breakdown and noise induced dynamics in the randomly driven Morse oscillator. de Lima [32] studied the control of chaotic photodissociation in the classical driven Morse oscillator by means of bichromatic pulses. Recently, Abirami et al. [33] have investigated the occurrence of vibrational resonance in both classical and quantum mechanical Morse oscillators driven by a biharmonic force. This paper is organized as follows. In section 2 we analyze the occurrence of VR in classical Morse oscillator driven by NBFM signal and with WBFM signal in section 3. We characterized VR and dynamics of the system using response amplitude Q and bifurcation diagram. In the final section we summarized and discuss results of this work.
VIBRATIONAL RESONANCE WITH NBFM SIGNAL
In this section we analyzed the occurrence of VR in classical Morse oscillator (Eq. 1) driven by NBFM signal. In order to analyze the occurrence of VR in system-1 (Eq. 1) with NBFM signal, we have chosen the value of f and g in periodic and chaotic regions. The numerical results are presented in Fig. 2 and Fig. 3 . Figure 2 presents the numerically computed response amplitude Q versus g for three fixed values of β namely β = 2.0, 1.5, 0.5 and f = 0.1 (periodic region). In Fig. (2a) , for β = 2.0, when g < 983.05206, single resonance was obtained and further increase in g multiple resonance was observed in the interval 983.052 < g < 1219.617. No resonances occurred when g> 1219.617. In Fig. (2b) for β = 1.5, as g increases from zero the value of Q increases. It reaches a maximum at g = 983.05 and then decreases. That is single resonance occurs in the interval 0 < g < 1120.9747. For g > 1120.9747, multiple resonances occur. For β = 0.5, Q decreases continuously with g. This is shown in Fig. (2c). Figure 3 shows the variation of the response amplitude Q with g for fixed values of β namely β = 2.0, 1.5, 0.5 and f = 0.5 (chaotic region). VR phenomenon can be observed even in chaotic region. In Fig. 3 , when the value of β decreases, the number of resonances was found to decrease with increase in g. For β = 2.0 and 1.5, multiple resonances occurred in the vast region [ Fig. 3(a) and 3(b) ] but for β = 0.5, multiple resonances occurred only in the small region [ Fig. 3(c) ]. In Fig. 3(c) showed that when g > 150.2947, Q decreases continuously with g. Fig. 4(b) ]. In Fig. 4(c) , forβ = 0.5, Q decreases continuously up to f = 0.565 with f after that multiple resonances occurred for 0.565 <f< 1.352. Beyond this interval no resonance was take place. The dependence of Q on the frequencies ω and Ω of the NBFM signal is shown in Fig.  6(a) . Q versus Ω is plotted in Fig. 6(a) for three values of β namely β = 2.0, 1.5, 0.5 with f = 0.1 and g = 100 (periodic region). Double resonances take place for 0 < Ω < 2.0 and no resonance takes place for 2.0 <f< 10. max Q was almost the same for β = 2.0, 1.5, 0.5. The variation of Q with Ω for f = 0.5 and g = 500 (chaotic region) is presented in Fig. 6(b) . A plot of Q versus ω for three values of β namely β = 2.0, 1.5, 0.5 with f = 0.1 and g = 100 (periodic region) and f = 0.5 and g = 500 (chaotic region) is shown in Fig. 7 . Single resonance takes place for β = 2.0 and for β = 1.5 and 0.5 with f = 0.1 and g = 100, Q decreases continuously with increase of ω [ Fig. 7(a) ]. But for g = 500, f = 0.5 (chaotic region) no resonance took place. This is shown in Fig. 7(b) . Next we examined the occurrence of variety of bifurcations of periodic orbits leading to chaotic motion and bifurcation of chaotic attractor using bifurcation diagram in system (1) with NBFM signal. For certain cases of the parametric choices considered in our study, periodic and chaotic motions, bifurcations of them were found when the control parameters f and g were varied. An example is presented in Fig. 8 and Fig. 9 . In Fig. 8(a) for β = 2.0 and f = 0.1, a period-T solution is found for 0 <f< 1000. When g was varied further perioddoubling phenomenon leading to chaotic motion, band merging, intermittency, sudden widening, period-T orbit occur, which are clearly seen in Fig. 8(a) . Chaotic orbit disappears at g = 1250 and the long time motion settles to period-T orbit. The bifurcation patterns for β = 1.5 and f = 0.1 is shown in Fig. 8(b) . Period-T orbit occurs for 0 <g< 1150 and perioddoubling bifurcation takes place for 1250 <g< 1500, which is clearly seen in Fig. 8(b) . Only period -T orbit takes place for β = 0.5 [ Fig. 8(c) ]. For g = 500 (chaotic region) the bifurcation pattern of the system (1) with NBFM signal is shown in Fig. 9 . For β = 2.0 and 1.5, perioddoubling, chaotic motion and reverse period-doubling bifurcation occurred [ Fig. 9(a) and Fig. 9(b) ]. Only periodic behavior takes place for β = 0.5 [ Fig. 9(c) ]. 
VIBRATIONAL RESONANCE WITH WBFM SIGNAL.
In this section we show that vibrational resonance can be realized in the Morse oscillator when the external force is a WBFM signal (Eq.2). The variation of Q with f for three values of β namely β = 2.0, 1.5, 0.5 were shown in fig. 10 . In Fig.10 (a) , for β = 2.0, 1.5 and g = 100 (periodic region), single resonance takes place for 0 <f< 7.5 with max Q = 0.14 and 0 <f< 6.5 with max Q = 0.15. Multiple resonances occurred for 7.5 <f< 10 and 6.5 <f< 10. For β = 0.5, Q decreases continuously and resonance takes place for 0 <f< 5.5. Multiple resonances occurred for 5.5<f< 10, which is clearly seen in Fig. 10(a) . The resonance pattern for g = 500 (chaotic region) is shown in Fig. 10(b) . For β = 2.0 and 1.5, single resonance takes place for 0 <f< 4 and 0 <f< 4.5. Multiple resonances occurred for 4.0 <f< 10 and 4.5 <f< 10; which are clearly seen in Fig. 10(b) . For β = 0.5, no resonance occur for 0 <f< 2.5 and multiple resonances take place for 2.5 <f< 10 [ Fig. 10(b) ]. [ Fig. 13(a) ] and in the chaotic region (f = 10.0, g = 500) [ Fig. 13(b) ]. VR phenomenon can be observed in the chaotic region also with considerable enhancement in the weak signal. Then we studied the occurrence of bifurcations of periodic orbits leading to chaotic motion and bifurcations of them in system (2) with WBFM signal. Figure 14 shows the bifurcation diagram of f versus x for three values of β namely β = 2.0, 1.5, 0.5 with g =500 (chaotic region). When f was varied from small values, the system (2) with WBFM signal admits variety of bifurcations such as transcritical, period -doubling, chaos, intermittency, period -bubbling, reverse period -doubling etc, which are clearly seen in Fig. 14 
